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Abstract- Dvalishvili studied the concepts of near relations and closer relations in topology in 2005. In 2009, these

relations were further investigated by Thamizharasi and Thangavelu.
In this paper,

forms of near and closer relations in topology.
bitopology have been discussed .

Recently the authors introduced the weak
the weak forms of near and closer relations in
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1. INTRODUCTION AND PRELIMINARIES

Topologists extended the notions of semi-open, a-
open, pre-open, B-open ,b-open and b"-open sets in
topology to bitopological spaces. The concepts of near
relations and closer relations in topology that were
discussed in [5, 12]. These notions are further
investigated in [10]. Recently the authors introduced
the weak forms of near and closer relations in topology.
The purpose of this paper is to investigate these
relations in bitopological settings. Throughout this
paper (X,t) is a topological space and (X, 11, 15) is a
bitopological space, i,j=1,2 and i=j. Also A and B are
the subsets of X. CI;A = the closure of A and IntA =
the interior of A with respect to ;..

Definition 2.1: A is called

(i).regular open [9] if A= Int CIA

(if).semiopen[6] if there exists an open set U with Uc
AcCIU

(iii). preopen [7] if there exists an open set U with
AcUcCIA

(iv).b -open [2] if AcCI IntAuInt CIA

(vi).b* -open [11] if AcCl IntAuInt CIA

(vii).a-open [7] if AcIntCl IntA.

(viii).p-open [1] if AcCI Int CI A.

The Complements of sets in Definition 2.1 are
called the corresponding closed sets. The corresponding
interior and closure operators can be defined in the
usual manner. The following lemma will be useful in
sequel.

Lemma 2.2:

(i).sIntA = ANCI IntA and sCIA = AuInt CI A
(ii).pIntA = AnInt CI A and pCIA = AUCI Int A.
(iii).aIntA = AnCl Int ClA and aCIA = AUCI Int CI A

(iv).BIntA = ANCl Int CI A and BCIA = Auint Cl IntA

Definition 2.3: A is called

(i).ij-regular open [10] if A= Int;CL,A
(ii).ij-semiopen[10] if there exists an i-open set U with
Uc AcClU

AcUcCIiA

(iv).ij-b -open [10] if AcCIjIntAUINGCLA

(v).ij-b* -open [3] if A=CljIntAUINGCLA

(vi).ij-o-open [10] if AcIntiCljIntA,

(vii).ij- -open [10] if AcCliInt;CLA.
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The Complements of sets in Definition 2.3 are called
the corresponding closed sets. Further A is ij-regular
closed if and only if A = Cljint;A. The following
lemmas have been established in [10].

Lemma 2.5: Ais
(i).ij-semiopen=AcCljIntA.
(ii).ij-preopen <AcInt,CLA.
The concepts of sint;A, and sCl;;A can be defined in a
usual way.
Lemma 2.6:
0] sint; A =ANCljIntA
(i) sCl;A= A UInt,CLLA

3. NEAR RELATIONS IN BITOPOLOGY

The next proposition shows that Lemma 2.2 can be
established in bitological settings.

Proposition 3.1:

().A is ij-a-open iff A=AnIntCliIntA and A is  ij-o-
closed iff A=AUCI;InCLA.

(i)).A is ij-preopen iff A=AnIntCl,A and A is ij-
preclosed iff A=AUCIInGA.

(iii).A is ij-B-open iff A=ANCIiIntCliA and A is ij-B-
closed iff A=AulntCljIntA.

Proof:Suppose A is ij-a-open. Then AcIntCliIntA
that implies A=AnIntCljIntA. Conversely let
A=AnIntCliIntA. Then AcIntiCliIintA  that implies
that A is ij-a-open. This proves the first part of (i).
Now suppose A is ij-a-closed. Then ASCliInt;CLA that
implies  A=AUCI;Int;CLA. Conversely let
A=AUCIiIntCIA. Then ASCiIntiCLA that implies A is
ij-a-closed.  This proves (i). Other results in the
proposition can be analogously established.

Remark 3.2: The above proposition motivates to
define the closure and interior operators of a
bitoplogical space in the following manner.

Definition 3.3:
(i).plntijA =AniInt; Cle and pClijA= AUCI, IntjA.

(ii).alnt;; A =AnIntCliIntA and oClA=
AuCIiIntjCIiA.
(iii).BInt; A =ANCliInt,CLA  and BCl;A=
AulntCliIntA.

Definition 3.4: We say that

(i).A is ij-near to B if Int;A = Int;B

(ii).A is ij-seminear to B if sIntA = sInt;B
(iii). A is ij-o-near to B if alntA = alnt;B
(iv). Ais ij-prenear to B if pInt;A = pInt;B
(v).Ais ij-B-near to B if BInt;A = BInt;B

Proposition 3.5:

(i).Ais ij-near to B if and only if B is ji-near to A.
(ii).A is ij-seminear to B if and only if B is ji-seminear
to A.

(iii).A is ij-a-near to B if and only if B is ji-a-near to
A.

(iv).Aij- is prenear to B if and only if B is ji-prenear to
A.

(v).Ais ij-B-near to B if and only if B is ji-B-near to A.

Proof: Straight forward.

Proposition 3.6: Let A and B be any two subsets of X
such that IntAet; and Int; Bet;. If A is ij-seminear or
ij-o-near or ij-pre-near or ij-B-near to B then A is ij-
near to B.

Proof: Suppose A is ij-seminear to B. Then sIntA =
sint;B that implies

AN Cl; IntA = sIntA = sIntjB= B Cl; IntjB.  Now
IntAcsIntA = sint;B = BACl; Int; B B

that implies Int;A < B. Since IntiAer; it follows that
IntAclInt; B. Similarly we can prove that Int; B < IntA.
This proves that Int;A = Int; B that implies A is ij-near
to B. The other cases can be analogously proved.

Proposition 3.7:

(i).1f Ais ij-regular open then Ais i-near to Cl;A.

(ii).If A'is ij-semiclosed or ij-a-closed then A is j-near
to CIA.

(iii).If A'is ij-preclosed then A is j-near to ClIntA.
(iv).If A is B-closed or ij-b-closed or ij-b*-closed then A
is i-near to CljInt;A.
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Proof: Suppose A is ij-regular open. Then A = Int;Cl;A
that implies Int;A = Int;CL;A. This proves that A is near
to CL,A in (X,7;). This proves (i). If A is ij-semiclosed
then Int;A = Int;CL;A that implies A is j-near to CLA. If
A is ij-o-closed then CliIntCLACA that implies
IntA=IntCl; Int;CLA = Int;CliA that proves that A is j-
near to CLA. This proves (ii). Suppose A is ij-
preclosed. Then Cliint;Ac A that implies IntA = Int;Cl;
Int; A that proves that A is j-near to CliIntA. This
proves (iii) Suppose A is ij-B-closed. Then
IntiCliIntAcA that implies IntA = IntCljint; A that
proves that A is i-near to CljInt;A. Suppose A is ij-b-
closed or ij-b*-closed then AoInt,CLANCIIntA  that
implies IntAoIntCLANINGCLINGA = Int; CljIntA o
IntA that proves that Int;A=Int; Cl; Int; A. This proves
that A is i-near to Cl; Int; A. This proves (iv).

Lemma 3.8: Let A be ij-near to B and C be ij-near to
D. Then

(i) ANC is ij-near to BND.

(ii)
Proof: Since A is ij-near to B and since C is ij-near to
D, IntA = Int; B and IntiC = Int; D.  This implies
IntAN IntiC = Int; BN Int;D that implies Int; (ANC) =
Intj(BAD). This proves that ANC is ij-near to BND
that implies (i). Since Int; (AUC) = IntAUINtC, it
follows that AUC is not ij-near to BuD.

AUC is not ij-near to BuUD.

It is easy to see that the relation “ is ij-near to “ is
not reflexive. Further this relation is neither symmetric
nor transitive.

Lemma 3.9: Let O; be i-open and O; be j-open in
(X,‘Cl,‘Cz) .
Q) O; isij-near to B if and only if O=Int;B.
(i) Ais ij-near to O; if and only if Int;A = O;.

Proposition 3.10:

(i). For each i-open set O;, B={BcX: O; is ij-near to B}
is a base for some topology on Y where Y is the union
of all members of B.

(ii). For each j-open set O;, A={AcX: A is ij-near to O;}
is a base for some topology on Z where Z is the union
of all members of A.

Proof: Let Y be the union of members of B . Suppose
AeB and BeB . Then O; is ij-near to AnB . This
implies B is a base for some topology ©(O;) on Y.
Similarly we can prove that A is a base for some
topology t(O;) on Z.

Remark 3.11: The topologies t(O;) and t(O;) can be
extended to the topologies on X. In fact t(O;) W{X}and
1(0;) W{X} are topologies on X induced by the i-open
set O; and j-open set O; respectively.

Remark 3.12: Every pair (O;, O;) of open sets induces
a bitopology on X. In particular (O, O,) and (O,, O,)
induce bitopologies on X.

Proposition 3.13:
Then

(i).If Aisij-semiopen then B is j-semiopen.
(ii).If Ais ij-a-open then B is j-semiopen.
(iii).If B is ij-preclosed then A is i-preclosed.

Let A be ij-near to B and BcA.

Proof:
Since A is ij-near to B,
B<ACCIjIntA=CljInt;B.

semiopen that proves (i).
Suppose A is ij-o-open. Then AclInt;Cljint; A. Since A
is ij-near to B, IntA = IntB that implies BcA c
IntClIntA = Int; CljInt;B<CljInt;B. This proves that B
is j-semiopen that proves (ii). Suppose B is ij-
preclosed. Then BoClilntB. Since A is ij-near to B,
IntA = Int;B that implies Ao BoCl; IntB =CliIntA.
This proves that A is i-preclosed that proves (iii).

Suppose A is ij-semiopen. Then AcCIjIntA.
Int; A= Int;B that implies
This proves that B is j-

4. CLOSER RELATIONS IN BITOPOLOGY
Definition 4.1: We say that A is ij-closer (resp. ij-
semicloser, resp. ij-a-closer, resp. ij-precloser, resp. ij-
B-closer) to B if CLA=CI;B (resp. sCliA=sCI;B, resp.
oCliA=aCl;B, resp. pCliA=pClI;B, resp. BCLA=LCI;B).

Proposition 4.2:

(i).A'is ij-closer to B if and only if B is ji-closer to A.
(ii).A is ij-semi-closer to B if and only if B is ji-semi-
closer to A.

(iii).A is ij-o-closer to B if and only if B is ji-a-closer
to A
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(iv).A is ij-pre-closer to B if and only if B is ji-a-
closer to A.

(v).A'is ij-B-closer to B if and only if B is ji-a-closer to
A.

Proof: Straight forward.

Proposition 4.3: Let A and B be any two subsets of X
such that X\CliAet; and X\CljBer;. If A is ij-semicloser
or ij-a-closer or ij-pre-closer or ij-B-closer to B then A
is ij-closer to B.

Proof: Suppose A is ij-semi closer to B. Then sCIA =
sCI;B that implies

AulntCliA = sClA = sClB= BulntClB.  Now
CliAosCliA=sCl;B=Buint;Cl;BoB that implies CLASB.
Since X\CliAet;, CLASCIB. Similarly we can prove
that CliB oCliA. This proves that CiA = CI;B that
implies A is ij-closer to B. The other cases can be
analogously established.

Proposition 4.4:

(i).1f A is ij-regular closed then A is closer to IntjA in
(X,%)

(ii). If A'is ij-semiopen or ij-a-open then A is j-closer
to Int;A.

(iii).If A is ij-preopen or ij-b-open or b*-open then A is
j-closer to Int;CLA.

(iv).If Ais ij-p-open then A is i-closer to IngA.

Proof: Suppose A is ij-regular closed. Then A=CliIntA
that implies CLA=CLInt;A. This proves that A is i-
closer to IntA . This proves (i). Suppose A is ij-
semiopen. Then CliA=CI;Int;A that implies A is j-closer
Int/A. Suppose A is ij-o-open. Then AcIntiCljInt;A that
implies CL,A= CljIntiCljInt;A that proves that A is j-
closer to IntA. This proves (ii). Suppose A is ij-
preopen.  Then AcIntiCLA  that  implies
CIA=CIjIntiCl;A that proves that A is j-closer to
IntiCl;A.  Suppose A is ij-b-open or ij-b"-open. Then
AcIntiCLAUCHIntA that implies
CLACCIIntCLAUCKIntA=  CliIntiCLACCLA  that
proves that CLA=CIInt,C;A. This proves that A is j-
closer to IntiCl;A. This proves (iii). Suppose A is ij-B-
open. Then AcCliIntCLA that implies

CLA=CIiIntiCliInA=Cl; Int;A that proves that A is i-
closer to Int;A. This proves (iv).

Lemma 4.5: A is ij-near to B iff X\A is ij-closer to
X\B.

Proof:  Since A is ij-near to B, IntA = Int; B that
implies  CIi(>X\A)=CI;(X\B).This proves that X\A is ij-
closer to X\B.The converse part is analogous.

Lemma 4.6: Let A be ij-closer to B and C be ij-closer
to D. Then

(i).AuC is ij-closer to BUD .

(ii).ANC is not ij-closer to BND.

Proof: Since A is ij-closer to B and C is ij-closer to D,
CliA=CI;B and CI;C=ClI; D. This implies CLAUCI;,C=Cl;
BUCID that implies Cli(AuLC)=Cl;(BuD).This proves
that AUC is ij-closer to BuD that implies (i). Since Cl;
(ANC)=#CILANCIC, it follows that AnC is not ij-
closer to BND.

This proves (ii).

Lemma 4.7: Let F; be i-closed and F; be j-closed in
(X,11,72). Then
(i) F; isij-closer to B if and only if Fi=CI;B.
(i) Ais ij-closer to Fj if and only if CIiA = F;

Proposition 4.8: Let A be ij-closer to B and BCA.
Then

(i).If Ais ji-preopen then B is j-preopen.

(ii).If B is ji-semiclosed then A is i-semiclosed.

(iii).If B is ji-a-closed then A is i-semiclosed.

Proof: Suppose A is ji-preopen. Then AcIntCLA.
Since A is ij-closer to B, Cl;,A=CI;B that implies BcAc
IntCliA = IntiCI;B.  This proves that B is j-preopen that
proves (i).

Suppose B is ji-semiclosed. Then BolInt;,Cl;B. Since A
is ij-closer to B, CA = CI;B that implies
AoBoIntiCliB = IntCLA.  This proves that A is i-
semiclosed that proves (ii).

Suppose B is ji-o-closed. Then BoCljIntiCliB. Since A
is ij-closer to B CLA = CI;B that implies ASBo
CljIntiCl;B o IntiCI;B = Int; CliA. This proves that A is
i-semiclosed that proves (iii).
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5. CONCLUSION

Nearly open sets and nearly closed sets in bi topological
spaces are characterized by using the near and closer
relations introduced between the two topologies on a
bitoplogical space. It has been established that every
near class is a base for some topology.
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